Let G be an exceptional Lie group with a maximal torus T . Based on Schubert calculus on the flag manifold G/T we have described the integral cohomology ring H * (G) by explicitely constructed generators in [4] , and determined the structure of H * (G; Fp) as a Hopf algebra over the Steenrod algebra in [5] . Combining these works we determine the near-Hopf ring structure on H * (G).
Introduction
Let G be a compact 1-connected Lie group with multiplication µ : G × G → G and integral cohomology ring H * (G). The induced ring map
will be referred to as the near-Hopf ring structure on H * (G). In [4, Theorem 6] we have described the rings H * (G) for all exceptional Lie groups G by explicitly constructed primary generators. In this sequel to [4] we determine the action of µ * on H * (G) with respect to these generators. We shall start with a brief introduction in §2 on two sets of generators for H * (G); ̺ i1 , · · · , ̺ in and C I with I a certain multi-index, constructed explicitly in [4] . The elements ̺ i have infinite order and their square free products form a Z-basis for the free part of H * (G). The C I come from the Bockstein of a distinguished set of elements in H * (G; F p ) with p = 2, 3 or 5. For a prime p the multiplication µ induces also the co-product (1.2) µ * ,1 3 (G; Z) bring us certain elements in H * (G) that suffice to generate the ring H * (G). We start by introducing for each exceptional G a set of special Schubert classes y i ∈ H i (G/T ) on G/T by their Weyl coordinates [3] in the table below:
G/T G 2 /T F 4 /T E n /T, n = 6, 7, 8 y 6
σ [1, 2, 1] σ [3, 2, 1] σ [5, 4, 2] , n = 6, 7, 8 y 8
σ [4, 3, 2, 1] σ [6, 5, 4, 2] , n = 6, 7, 8 y 10
σ [7, 6, 5, 4, 2] , n = 7, 8 y 12
σ [1, 3, 6, 5, 4, 2] , n = 8 y 18
σ [1, 5, 4, 3, 7, 6, 5, 4, 2] , n = 7, 8 y 20
σ [1, 6, 5, 4, 3, 7, 6, 5, 4, 2] , n = 8 y 30
σ [5, 4, 2, 3, 1, 6, 5, 4, 3, 8, 7, 6, 5, 4, 2] , n = 8
and set . Let (G, p) be a pair with G an exceptional Lie group and H * (G) containing non-trivial p-torsion, and let r(G, p) be the set of the degrees of the basic "generalized Weyl invariants" of G over F p . Precisely we have (see [6] ) . Let e(G, p) be the subset of r(G, p) whose elements are underlined. In [DZ 2 , (2.10)] we have constructed a subset {ζ 2s−1 ∈ E 2s−2,1 3 
where E * ,0
3 (G; Z) ⊗ F p , and where ∆(ζ 2s−1 ) s∈r(G,p) is the F pspace with basis the square free monomials in {ζ 2s−1 | s ∈ r(G, p)}. Definition 2.4. For a subset I ⊆ e(G, p) we put C I := δ p (ζ I ) ∈ H * (G), where
For a presentation of E * ,1 3 (G; Z) we note that the cup product in H * (G) defines an action of E * ,0
. Given a ring A and a finite set {u 1 , · · · , u t } write A{u i } 1≤i≤t for the free A-module with basis {u 1 , · · · , u t }. For an exceptional G with rank n let D G = {d 1 , · · · , d n } be the set of degrees of basic W -invariants of G over Q. As is classical we have (e.g. [6] (G; Z) of infinite order so that
Moreover, a set of ring generators for
Remark 2.6. In (2.3) the Weyl coordinate of a Schubert class y i ∈ H i (G/T ) allows one to construct explicitly the Schubert variety on G/T Kronecker dual to y i [3] .
The subring E * ,0 
The pull-back formula
For convenience we fashion from µ * the reduced co-product
is denoted by ψ p (resp. ψ 0 ). The next result contains a formula that reduces calculation of ψ to that of ψ p .
For a topological space X let τ (X) be the torsion ideal in the integral cohomology H * (X). For a prime p write τ p (X) be the p-primary component of
Lemma 3.1. For an exceptional Lie group G let G(G) be the set of generators for
c) the reduction r p restricts to an injection
In particular, for all z ∈ G(G) one has
Proof. For x = C I assertion a) follows from x ∈ τ (G). Assume now that
induced by the inclusion Z → Q of coefficients clearly preserves the decomposition (2.2) and therefore, restricts to a homomorphism
Since the subset E * ,1
According to [4, Theorem 2] results in b) and c) hold for any 1-connected Lie group K. Finally, the commutative diagram
One obtains (3.1) from a), b) and c), where the validity of r −1 p , p = 2, 3, 5, follows from the injectivity of r p :
In order to apply formula (3.1) to determine the action of ψ we need accounts for i) the reduction r p : H * (G) → H * (G; F p ) with respect to the set G(G) of generators for H * (G) and the presentation of
ii) the Hopf algebra structure on H * (G; F p ) with respect to its presentation in Lemma 2.3. 
where β p = r p • δ p is the Bockstein operator on H * (G; F p ).
With respect to the presentation of H * (G; F p ) in Lemma 2.3, the Hopf algebra structure on H * (G; F p ) has been determined, see [5, Remark 4.6] . For simplicity we reserve x i for r p (x i ). 
20 ⊗Λ F3 (ζ 3 , ζ 7 , ζ 15 , ζ 19 , ζ 27 , ζ 35 , ζ 39 , ζ 47 ) on which the action of ψ 3 is given by ψ 3 (ζ i ) = 0 if i = 3, 7, 9, 17, 19; on which the action of ψ 5 is given by Remark 3.4. We emphasize that the ring H * (G) (resp. the algebra H * (G; F p )) admits many sets of generators subject to a given degree constraints, and the actions of r p (resp. ψ p ) vary sensitively with respect to different choices of a set of generators. However, in the context of [4] the elements ̺ 2i−1 ∈ E * ,1 3 (G; Z) and ζ 2s−1 ∈ E * ,1 3 (G; F p ) are coherently constructed from explicit polynomials in certain Schubert classes on G/T . Consequently, with respect to them the presentations of r p in Lemma 3.2 (resp. ψ p in Lemma 3.3) were derived by computing with these polynomials.
The results
Historically, the Hopf algebras H * (G; F p ) for exceptional Lie groups G have been studied by many authors, notably, by Borel, Araki, Toda, Kono, Mimura, Shimada, see [5] for an account for the history. However, these results can not be directly used in the place of Lemma 3.3 since they were obtained by various methods, presented by generators with different origins, using case by case computations depending on G and p and without referring to the integral cohomology H * (G). In comparison, with our generators ̺ j 's and ζ i 's stemming solely from certain polynomials in the Schubert classes on G/T in [4] , the relationships between H * (G) and H * (G; F p ) are transparent for all prime p, as indicated by Lemma 3.2. For this reason the pull-back formula is directly applicable to translate the Hopf algebra structure on H * (G; F p ) to the near-Hopf ring structure on H * (G). An element x ∈ H * (G) is called primitive if ψ(x) = 0. Let P(G) be the graded Z-module of all primitive elements in H * (G). In Theorems 1-5 below the near-Hopf rings H * (G) for all exceptional G are presented in terms of the set G(G) of generators specified in (2.6). In view of Definition 2.4 for the class C I ∈ G(G) we note that i) C I = x i for I = {i} ⊆ e(G, p) a singleton;
iii) the value of ψ(C I ), I ⊆ e(G, p), is determined by ψ p (ζ 2s−1 ), s ∈ e(G, p) because of the relation
with t ∈ e(E 7 , 2) = {3, 5, 9}, I, J, L ⊆ e(E 7 , 2), |I| , |J| ≥ 2;
and where ̺ 2 3 = x 6 , x 8 ̺ 23 = 0, the reduced co-product ψ is given by
Theorem 5. With respect to the ring presentation
where with t ∈ e(E 8 , 2) = {3, 5, 9, 15}, K, I,J, L ⊆ e(E 8 , 2), |I| , |J| ≥ 2, |K| ≥ 3;
and where
x 10 , x 2s ̺ 3s−1 = 0 for s = 4, 5;
the reduced co-product ψ is given by {̺ 3 , x 6 , x 8 , x 10 , x 12 , x 18 , x 20 } ⊂ P(E 8 );
+2x 12 ⊗ ρ 23 + δ 5 (x 12 ζ 11 ⊗ ζ 11 + 3ζ 11 ⊗ ζ 11 x 12 ); stand, respectively, for the Z-module with basis the square free monomials in t 1 , · · · , t n , the exterior algebra generated by t 1 , · · · , t n over Z and the polynomials ring in t 1 , · · · , t n over A of positive degrees in t 1 , · · · , t n .
ii) The relations of the types D J , R K , S I,J H t,I (that occur only in the presentations of τ 2 (E 7 ) and τ 2 (E 8 )) are many. Their full expressions can be found in [4, Theorem 6] .
Finally, a few words concerning the proofs of Theorems 1-5. Firstly, the presentation of H * (G) as a ring comes from [4, Theorem 6] . Next, granted with Lemmas 3.2 and 3.3 and taking into account for the obvious relation
it is straightforward to apply (3.1) to deduce the expressions for ψ(̺ i ).
